L e Ct u re ; ] 8. MAJOR THEOREMS OF CIRCUIT THEORY

8.1. The Superposition Theorem

The superposition theorem can be formulated as follows.

The response of a linear electric circuit to an arbitrary stimulus
representing a linear combination of simpler stimuli is equal to a linear
combination of responses caused by each individual stimulus.

Proof:

According to the loop current method the loop current 7, of the i-th
loop in the general case is defined by expression (4.73)

] mi = ﬁ’
A
where A, A, — the determinant of the loop impedance matrix system

and the determinant obtained by replacing the i-th column with the
matrix-column of the loop EMF — MLE respectively. Expending the
determinant A, in terms of the matrix-column MLE, we get

A . A 2 A, . N{A. .
Ly=—tE, +2E + +20p =S Zip | g1
i A ml A ml A mN. E[A mj ( )
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where Ay, A, ... Ay, A are algebraic adjuncts of the determinant
A to the elements Zy;, Zy;, ooy Zyis Z -
Herewith in the general case

A, =(-1Y" M, (8.2)

JE
Here M, is the minor of the determinant A, obtained by deletion

the j-th row and the i-th column from A.

We can see from (8.1) that the loop current [, , considered as a
circuit response, is equal to the sum of N components each of which is
an individual current, considered as a response to the loop EMF Bss

E s Epy , considered as individual stimuli.

Similarly, according to the node voltage method the node voltage
U, of the i-th node in the general case is determined by the expression:

U, = =’

where A, A, — the determinant of the matrix node admittance system
and the determinant obtained from A by replacing the i-th column with
the matrix-column of node currents MNC respectively.

Expending the determinant A, in terms of the matrix-column MNC,

we get

UPH

o s N{Ay .
-AﬁJmH+...+—AﬂJmN=Z[—§JW], (8.3)

Ay s
iz-l‘]m]—i_
A A A =

where A, Ay, . Ay, A are algebraic adjuncts of the determinant
A key to the elements ) T Yars Y}, A, determined by (8.2).

We can see from (8.3) that a single voltage Umi , considered as a

circuit response, is the sum of N components each of which represents
an individual voltage, considered as a response to the node currents

1> Joits +os Sy cOnsidered as individual stimuli.

The superposition theorem does not apply to calculation of powers in
terms of currents or voltages since power is a quadratic, i.e. nonlinear,
function of current or voltage.
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Tf’ ilI}lsh'ate the superposition theorem, we will apply it to calculate
the circuit shown in Fig. 8.1. Here the circuit has two sources of energy

(two stimuli) — a current source J,, and a voltage source E,, .

Fig. 8.1
The original circuit, according to the superposition principle, is
represented by two partial circuits in the first of which there is only one
source of energy — the current source g »» and in the second — the

other source of energy — the voltage source Em .

. Under the action of the current source J, » i the first circuit currents
.. L, I, flow inthe branches with the resistances.
Under the action of the voltage source E

»» in the second circuit
¥ r” r” .
currents I,,,, 15, , I3, flow in these branches.

The total currents I;,, I, , I;,, proceeding from the superposition
principle, are defined as the sums:

I

1m

v
Lm 2

Ly = I3 + L (8.4)
j-3m :j?:m +j;m 3
Cal‘culate the first partial circuit. The currents in the branches are
determined by the alien resistance rule:

. jl'm +

j 2y
j—lr - m22 +Z3 - ijZZ3 )
Zl%% Z,Z,+Z,Z,+ 2,7,
Z,+Z, -
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Z\Zy

j’ _ 4 Z;"'Za _ _ijIZH .
. b ZZy  ZZ,+ L7+ 7,7,
'Z, +Z,
g 4
oo btz Iz 7, .
= 7 L L, A0Z 47,7,
'Z,+2,

Calculating the second partial circuit, we get:

j«v = Em P Em (ZZ +Z3) 3
. T +£ZL 2,2y + 2,25+ 2,7, :
2 +2Z,
I;MZZ - EmZZ

=4
Ilm i

22y Ll ¥ ZZ 4 T2,

I j;mzi — EmZI .
WTZ A, ZZ,+ZZ AZ,Z,

The total currents of (8.4):
i = (Em - Jm Zs ) Z, .
W P IR T T

(Em — ijS )Zl

I, = ; 8.5
22, + 7,2, + 7,7, (5:3)

s E, (2, +Z2)+jmzlzz
o = ;
" Z2Z,+ZZ,+ Z,Z,
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8.2. The Equivalent Generator Theorem

This theorem is also known as Thevenin-Norton’s theorem and it
consists of two parts.

Thevenin’s theorem — the equivalent voltage source theorem — can
be formulated as follows.

The current in any branch of a linear electric circuit does not change
if the rest of the circuit is replaced by its equivalent voltage source the
EMF of which is equal to the voltage at the terminals of an open branch,
and the internal resistance — to the resistance between the discontinuity
points.

Proof:
Consider an electric circuit with voltage sources E

ml » Em2’ il Emn

and impedancesZ,, Z,, ..., Z, (Fig. 8.2, @). In this circuit, select the
branch with an impedance Z,,, connected between terminals &, /, with a
current fm :

Include into the -/ branch two voltage sources that are oppositely
directed but whose EMF are equal in magnitude E, =E" =U, ., where

xx ?

U, 1s the voltage between the open terminals &, / (Fig. 8.2, b).

It is obviously that the current 7,, in the circuit will not change. On
the basis of the superposition theorem, this circuit can be represented as
the sum of the two circuits, in the first of which the EMFs are £,
B, . E,, and E, and the direction of the EMF E/, is opposite to
the direction of the current 7, (Fig. 8.2, ¢) and in the second — there is
only E" (Fig. 8.2, d).

Then the current is

Lelbsl,
It is obvious that the current fm in the circuit of fig. 8.2, ¢ is equal to

zero as the equivalent EMF of the sources £,,, E,,, ..., E,, and E,
are equal but oppositely directed. Therefore the current is

ml 2 m2 2
T r#
o
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Fig. 8.2
If we replace the impedances Ly Zs

impedance Z,, » then we have for Fig. 8.2, d:

- »Z, by the equivalent

bo=if=—fn __ Bw _ En
Z+Z, Z7,+2, 7z +Z

T - . - . " -
he equivalent circuit with Z,, and E,e; 1s shown in Fig. 8.2, . We
can see that when the #~/ branch of this circui

open-circuit voltage at these terminals:

t is broken, we get the

U,

mxx :Emeq- »
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The theorem is proved.

Norton’s theorem — the equivalent current source theorem — can
be formulated as follows.

The current in any branch of a linear electric circuits does not change
if the rest of the circuit is replaced by its equivalent current source the
current of which is equal to the short-circuit current of this branch, and
the internal conductance — to the conductance between the
discontinuity points of this branch.

The proof of this theorem follows immediately from Fig. 8.2, ¢ if the

equivalent voltage source with the EMF qu and the internal

impedance Z,, is replaced by the equivalent current source Jmeq and

the internal conductance Y, (Fig. 8.2, g).

Here
J —ay Emeq . = 1
meq — Zeq s teg T Zeq %

We can see from Fig. 8.2, g that for the short-circuited £, / terminals
the current is

. E .
Imsc = ;‘-’q =‘]meq'

e

We can also see from Fig. 8.2, g, that when the terminals &, / are
open, the conductance from the side of the open terminals is

Ykl = Yf;q .
eq

The theorem is proved.

To illustrate the equivalent generator theorem, we will apply this
theorem to determine the current /,,, in the network of Fig. 8.1.

We will break the branch with Z,, with the current 7, flowing
through it, to calculate the voltage U, ,,, between the terminals 1, 2 of
the circuit (Fig. 8.3). Transform the voltage source with the EMF E,

and the internal resistance Z, into its equivalent current source

Fa=in,
Z3



!

Fig. 8.3

Tl-len, by means of algebraic summation of the current sources .J
and J ”'

m3 » determine the equivalent current source:
T T
Jmeq '_Jm _'JmS =Jm =t

Zy

(8.6)

The internal admittance s
v,=dil_Ztz
Z 'z, 27 8.7)
Then, from (8.6) and (8.7) we get
: ~J . E )~
A =__Y_’”e§'_:_.(_]m ___E__m_J 2,2, - (Em J,,,Zs)zz (3.8)
7 )2, -2, Z,+z, '

eq
Now from (8.6)(8.8) we get

I, = Umidu _ (Em _"JMZ3)_ 1
z+l %+z Z St
Z, L Z,
which coincides with (8.5).

x (Em _szs)zz
2,2, +2,Z,+ 2,7,

°

8.3. The Reciprocity Theorem
The reciprocity theorem can be formulated as follows.

. If a Vf)Itage source with an EMF £, or a current source J, is
included in the branch ¢—p of a linear electric ¥

. circuit, that does not
contain o }
ther energy sources and creates a current

jm in the branch c—d,
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then the same voltage source E, or current source J,,, if included in

the branch c-d, creates the same current 7 in the branch a-b.
Proof: .
Consider the circuits shown in Fig. 8.4. Here the voltage source E,,,
included in the branch a—b of the passive linear electric circuit, creates-&
current I, in the branch c—d with an impedance Z (Fig. 8.4, a). Put this
source to the branch ¢—d. Determine the current in the branch a—b. Let
the branch a—-b be included in the loop #, and the branch ¢—d — in the

loop & of the linear electric circuit. Calculate the circuit according to the
loop current method.

Enm
a [ . - i
passive I .
linar . passive
- 7] electric ) \ ]D lmar' )
E”(D a circuit ‘k Z I« . cI_ectr':c k Z
L T circuit
a b
Fig. 8.4
ki

1. Let the voltage source E,, b included in the loop  (Fig. 8.4, a).
Then the current in the &-th loop is:

Ak Ank ;

L =il =k E_,
km m A A m
where A — the determinant of the loop impedance matrix system;

Ay — the determinant derived from A by replacing its 4-th column with
the loop EMF column; A,, — the determinant obtained by expanding A
in terms of the loop EMF column.

As the EMF E,, is included only in the loop n, and the rest of the
circuit is passive, then all the determinants except A,, are equal to zero.

2. Let the voltage source Em be included in the loop & (Fig. 8.4, b).

Then the current through the n-th loop:

K A o

I.nm :jn :_:—E’"’
A A
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where A,, — the determinant, obtained by expanding A, in terms of

the loop EMF column. As the EMF E,, is included only in the loop £,
and the rest of the circuit is

passive, then all the determinants except
A,, are equal to zero.

It is known, that a matrix of loop impedances is symmetric about the
main diagonal, that is A, = A, . Therefore

Iknr :]nm :jm =
The theorem is proved.

To illustrate the reciprocity theorem, we will determine the current
jﬂn in the circuit of Fig. 8.1 that we used in considering the

superposition principle. Put the voltage source Em to the branch with
the impedance Z,. Take the direction of E, coinciding with the
direction of the current I . Then the current is

j’ — jln.:nZZ o EmZZ - EmZ2 _j”
"7, +2, 7 o B2 Z2Z,+27,+2,Z, ™
' Z a2z

which coincides with the result obtained in 8.1.
The reciprocity theorem holds for linear passive circuits only. For

nonlinear and active circuits, the reciprocity theorem does not hold in
the general case.

8.4. The Compensation Theorem

The compensation theorem can be formulated as follows.
The currents and voltages in an electric circuit will not change, if any
branch of this circuit is replaced by an ideal voltage source whose EMF
is equal to the voltage at the terminals of this branch and oppositely
directed to it, or if it is replaced by an ideal current source whose current
is equal to the current of the branch and coincides with it in direction.

Proof:

Let us point out the branch ¢-d with an impedance Z and current I,
in the electric circuit shown in F ig. 8.5, a.

The branch voltage is U, =1, 7 .
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Include in the branch 1",,. 7

c—d two voltage sources 3__,_:‘___%

whose EMF E, are equal

to the voltage U, and . X
oppositely directed 7, En En i

(Fig. 8.5, b). Obviously, @ J—@—‘_Ij—?d

the current I, will not

m
change. As the voltages
between the points a—b and b
b—d are equal in magnit_ude
but opposite in direction,

Em
the  resultant vo]tag:e Pi & @ .
between the points a—d is ¢
equal to zero, and these .
points can be connected by Fig, 8.5

rt-circuit jumper (the . _ S
zostlt]{:)d li;]; in F.}g. 8.5, b). The result is the equivalent circuit in Fig. 8.5,
¢. in which the branch c¢-d includes only the EMF E, =U,,, and the

current in which is equal to the original current /,, .

8.5. Tellegen’s theorem

Tellegen’s theorem is extremely.versatile.. It appligs to afnyl elec::sc.:
circuit with lumped parameters, whlc_h cor_ltams any kinds of e extn?rh i;
linear and non-linear, passive and active, tlme—v,arymg or co_nst;m .d °
versatility results from the fact that Tellegeq s theqrem ; ase (;)e
Kirchhoff’s laws. Tellegen’s theorem (published in 1952) can .
formulated as follows: The sum of the voItage§ and currents in eac
branch of an electric circuit is equal to zero. That is

2t =0, ‘
where #, , i, — instantaneous values of voltage and current in the 4-th

branch of the circuit.
Proof: R .
Let us cfonsider. The nodes a and B of the electric circuit shown in
Fig. 8.6 are connected by the branch k£ with an ir:npedance Z , through
which flows the current 7,5 of the indicated direction.
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The node voltages relative to the
5 basic node 0 are denoted by u,, and
o

Ugo . The voltage of the k-th branch is
denoted by u, .

Yoo “o We will also denote
o iff = iaB B
0 . .
Fig. 8.6 It is obvious that
uk = uao '_ HBU %
We will write the product
Uply = (“ao —uﬁu)iﬂ[B (8.9)
or
where
iﬁa = '_iuB .
Adding (8.9) to (8.10) we get
el =0,5[ (o — ttg Vi + (0 =t Vi | (8.11)
Sum up (8.11) for all branches of the electric circuit. We get for
b-branches

b n n
g =03 =gy )ing - 8.12
kz=1 e (Eo [Eo (H“U “g0 ) fap (8.12)

Here the double summation is introduced as the multiplication within
the summation symbol is performed for all possible combinations of
branches. Here n — the number of nodes of the circuit. If there is no
branch connecting the node o with the node B, then we write Iug

=g, in
(8.12). The right part of equation (8.12) can be divided as follows:
0’55‘0‘5(%0 “Bo)’uﬁ = Oas(mg%uuoaﬂ 2 gouﬁofuﬁ =
(8.13)
=0,5 s [ = j
EREDYS e

In (8.13) for each value a the sum is
2 iy =0 (8.14)
B=0

ince it is the sum of the currents in all branches proceeding from the node a.
’ Also, for each value p the sum 1s

S =0 (8.15)
a=0 o

ince it is the sum of the currents in all branches proceeding from the
fll(?de B. It follows from Kirchhoff’s current law.
Thus, from (8.12)—8.15) we get

b
> ui, =0 (8.16)
k=1

The left part of expn:ession
(8.16) is the sum of the instan-
taneous powers of all ‘pranqhes of
the circuit, which is identical to
the instantaneous power balance
condition (4.23). He_nce, _ the
power balance condition is a
special ~case of Tellegen’s
theorem. The theorem is proved.

To illustrate Tellegen’s :rheorem,
consider the electric circuit shown
in Fig. 8.7. .
. F";’%leginstantaneous currents and Fig. 8.7

for each branch are .
z;é?i%'lzsd here. Assume that for a certain instant of time:

i=1A,5L=1A,5=-3A,] =-2A,i,=-2A,
u=1B, u,=2B, u; =1B, u, =4B, i, =-5B.

Tellegen’s theorem holds for electric circuits for which I-(irchhoff’s
laws are observed. Here according to Kirchhoff’s current law:

for node 1: — —h+i;==1-(-3)—-2=0;
for node 2: =i =1-1=0;

for node 3: i +i—iy=1-3-(-2)=0;
for node 4: i, —i,=—2—-(-2)=0.
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According to Kirchhoff’s voltage law:

; I”=
for the loop ¢, L,, C,: —tuy —uy =—-1+2-1=0; ’

for the loop C;, L,, R;: Uy +uy +us =1+4-5=0.
Now, by Thellegen’s theorem

5

2 Wby ==, + 1k, +ui, gy U =

‘ k=0

==1-14+2-1+1(-3) + 4=2)+(-5)-2)=0.

| Example 1

I Determine the current in the circuit (Fig. 8.8,a) using the
|

| superposition theorem. The parameters of the circuit elements are:
w R=6 R=4Q; R=12Q; E=120V; E, =100 V.

Il‘ \ Iy Iy I
||

| De® %) D= ®
« o %[ e PP
L 0T T e

a b
‘ Fig. 8.8
| Solution

i In accordance with the superposition theorem, the current I; can be

found as the sum of the partial currents I; and Iy, flowing in the same

branch under the action of the sources E, and E, separately. The

circuits in which the currents I, and Ii are to be determined are
presented in Fig. 8.8, &, ¢:

[=—5® R 120 4 333 A:
"R +R, 4+12
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E, R _ 100 6
BB Bivly 4, G 6+D2
2 R]+R3 6+12

L=L+I=333+417=T75A.

=4,17 A;




